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Abstract 



(N 

> 

\ We consider the Lorentz invariant non-commutative QED and complete the Feynman 

' rules for the theory up to the order 0'^ . In the Lorentz invariant version of the non- 

' commutative QED the particles with fractional charges can be also considered. We show 

' that in the parton model, even at the lowest order, the Bjorken scaling violates as ~ O'^Q'^. 

1 Introduction 

Oh! 
(D . 

, Non-commutative field theories and its phenomenological aspects has been, recently, consid- 
ered by many authors ([l]-[8]). Such theories are mostly characterized on a non-commutative 
space-time with the non-commul 
' commutative space-time one has 



^ ' space-time with the non-commutativity parameter Ouy. In the canonical version of the non- 



r'^ = -i[x^',xn, (1) 

where a hat indicates a non-commutative coordinate and ^^jy is a real, constant anti-symmetric 
matrix. Obviously, the constant vectors Oqi and Oij imply preferred directions in a given Lorentz 
frame which leads to violation of the Lorentz symmetry. Since the Lorentz symmetry is an almost 
exact symmetry of nature, it is natural to explore the non-commutative (NC) field theories that 
are Lorentz invariant from the beginning. In this new class of NC theories the parameter of 
non-commutativity is not a constant but is an operator which transforms as a Lorentz tensor 
([9]- [10]). Of course in this way one needs to generalize the star product and operator trace 
for functions of both and appropriately. However, in both cases experiment should 
confirm the theories. The obtained upper bounds for the violating Lorentz non-commutative 
field theory are two folds: the first one comes from bound states such as the Hydrogen atom 
or the positronium ([6], [7]) and the second one is obtained by scattering processes for example 
the electron-electron and the electron-photon scattering and so on ([5], [8]), see Table 1. In 
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NC-parameter 


bound state 


scattering 




~100 GeV 


0.1-2.5 TeV 




? 


0.1-1 TeV 



Table 1: Upper bounds on the non-commutativity parameter. Ajvc = 1/V& describes the 
parameter of non-commutativity in the standard NC-space while h-LCNC shows NC-parameter 
for LCNC-space. 

the case of Lorentz conserving non-commutative (LCNC) field theory scattering process is only 
investigated. The dimensional quantity 9 in the non-commutative space imply new aspects in 
the parton model as well. In this paper we explore parton model in the lowest order in which a 
virtual photon interacts with partons inside a nucleon in a LCNC-space. For this purpose one 
should consider LCNCQED to find the effect of non-commutativity on the form factors. 
In section 2 we introduce Feynman rules for LCNCQED. In section 3 we study the parton 
model in the non-commutative space in the lowest order and show how the form factors in 
the electron-nucleon scattering depend on and the Bjorken scaling is violated. Finally, we 
compare our results with the experimental data and give an upper bound on the parameter of 
non- commut at i vity. 

2 Lorentz conserving NCQED 

To construct the non-commutative field theories that are Lorentz invariant one needs to general- 
ize the parameter of non-commutativity. Now we review the formalism of the Lorentz conserving 
NCQED introduced by Carlson, Caronc and Zobin (CCZ) [9]. In the CCZ approach of NCQED 
9^^'^ is an operator and satisfies the following algebra: 

[^/^^x^]=0, (2) 
[et^'^J'^P] = 0, 

where is antisymmetric tensor that is not constant but transforms as a Lorentz tensor. 
The action for field theories on noncommutative spaces is then obtained using the Weyl-Moyal 
correspondence, according to that, in order to find the noncommutative action, the usual product 
of fields should be replaced by the star product: 

/ * g{x, 9) = fix, 9) exp(i^^^^'^^,)3(x, 9). (3) 

It should be noted that here the mapping to c-number coordinates involve 9'^" as a c-number 
due to the presence of the operator 9'^'^ in the Lorentz-conserving case. In this formulation, the 
operator trace that is a map from operator space to numbers, is defined as 

Trf = ( (fx(f9W{9)f{x,9), (4) 



where W{9) is a Lorentz invariant weight function and is assumed to be positive and even 
function of 9 therefore one has 

'' (few{e)e^"' = 0. (5) 



Furthermore, the weight function is assumed to fall sufficiently fast so that all integrals are well 
defined. Now the properties of W{9) and the definition of the operator trace Eq.(4) allows one 
to extract the interactions in the Lorentz conserving noncommutative field theory. To this end 
the action can be written as follows 

s = J d'^x(f9W{9)C{4>,d(t))^, (6) 

where £((/>, depends on both x and 6 and its subscript indicates the *-product which is 
defined in Eq.(3). For a C/(l) gauge theory the gauge invariant Lagrangian is 

C = j (f9Wi9)[-^Fi,^ ^pi"^ + {ip- m) * V], (7) 

where ^ is a matter field with charge q and for a gauge field A 

D^ = d^ + iqA^, (8) 

and 

F^u = d^A^ - d^A^, + iq[A^, A^]^. (9) 

The matter field and the gauge field as well as the parameter of the gauge transformation K{x,9) 
are functions of both x and 9. Therefore, using the same method as applied in the construction 
of SU{N) noncommutative gauge theories [11], one should expand the fields as a power series 
in the variable 9 as follows 

K{x,9) = a{x)+9^^''A.^^Xxi,a) + 9^'^9^'K^Xs^x,a) + ..., 
Ap{x, 9) = Ap{x) + 9^" A'jl}p{xi) + 

where a{x), A(x) and iIj{x) are gauge parameter, gauge field and matter field in the commutative 
space, respectively, and the coefficients of 9^1^ can be obtained as 

A|jl](x,a) = ^d^a{x)Afj_{x), 
A^upix) = ^Af^[di,Ap -\-J^p), 

"^iiuriSpi^) = \{^li^il'^&^vp - diyApdriApAs + ApJ^^^J^^p), 

^2*775 (^) = -i{-idp.A^d^dsil^ - qAp_Ar,d,,dstp - 2qAp_d^A^d5il} - qAp^J^^dstp 
+^df,Ar,d„Astp + iq'^Ai^AsdrjA^tp), 



where J^jl^ = d^Ay — d^A^. Now we need C{x), to extract the interactions, that can be obtained 
by inserting the above relations into Eq.(7) and performing the integration on 9 using the 
weighted average 

j <few{9)e^"'9'^P = '^{g^'^g"" - g'^^'g'"'), (12) 

where 

(^2^ = J (f9W{9)9^'''9^y. (13) 

Therefore up to the order 9"^ the second term in the Lagrangian density Eq.(7) can be rewritten 
as follows 

■4) * {ilp- m)*ll) = Cq + Cqqry + Cqq^.^ + Lqq^^^, (14) 

where 

£o = Vi(°)(i^-m)V'(°\ 

Lqq^ = -g(^(0) * 4W)V;(°) + _ ^)^,(2) ^ ^^2) ( _ ^)^(O)^ 

= * - qii^^'^^ * - (is) 

The Feynman rules can be extracted from Eq.(7), for example jCq in Eq.(15) leads to the ordi- 
nary propagator for a fermion field while the rest terms contain a variety of vertices. Comparing 
Eqs.(15) and (11) we see that, up to the order 9^, jCqqj contributes to 2- fermion- 1-photon (ggj), 
2-fermion-2-photon {qq'fj) and 2-fermion-3-photon (qq^^^) vertices while Cqq^^j has just con- 
tribution on gg777-vertex and Cqqjj has terms which contains two fermions and two, three and 
four photons. In [12] the Feynman rules for gg7-vertex in general case and gq'77-vertex when all 
fermions and photons are on the mass shell is obtained. Here we complete the Feynman rules 
for the interaction between fermions and photons up to the order 9'^ as follows: 

gg7- vertex in general case [12]: 

-(A - '>^)p'2 ■P3P2 + ^{(pi -psf + iP2 ■ Psfh''}]- 

5577- vertex with all fermions and photons are on the mass shell [12]: 

i<f^^{Pl-P3\P2'y'^-PlY] +Pl ■Pi\P2Y -Pll"^] + {ll>3 - h)\PlP2 - PlP2}- 

99777-vertex with all fermions and photons on shell: 



^[ (fci + k2nh + W + (A^i + hTih + W + {k2 + hYih + W 
Hk2 + ki) ■ k^Yg"' + ih + ki) ■ k^rg"" + (^s + ^2) • kiYg-% 



(16) 




Figure 1: ^(7777- vertex with all fermions and photons on mass shell. 



where ki,i = 1,2,3, are defined in Fig. (1). 



gg7777- vertex in general case is zero because in Eq.(15) terms which contain two fermions 
and four photons are — and —q'llj'^'^^ jjL^^^tp^^^ or 

o 

which is equal to zero. For the pure gauge vertices up to the order 6'^ there is only four photon 
vertex which has been already obtained in [9]. These rules for vertices is relevant to study the 
phenomenology of LCNCQED. For instance at the lowest order (i.e. tree level) the correction 
to (jf(jf7-vertex can be obtained for on shell fermions as 



-iq{l 



384 



where k is the photon momentum. For the cross section of the process e 
correction results in 



da 



(- 



da 



)qed{1 + 



dcosO dcosO''^'"^ ^ 96 
and for the cross process e~/i~ — > e~/i~ s should be replaced by t in Eq.(18). 



(17) 

fi^fj,^ such a 
(18) 



3 Parton model at the lowest order in LCNC-space 

In the canonical version of NCQED the matter fields with charges or ±1 are allowed i.e. 
charged leptons and photon. But in the LCNCQED the quarks as well as the leptons and 
photon, can be accommodated in the theory. Therefore we can examine the NC effects for the 
processes which contain quarks. For this purpose we consider inclusive inelastic electron- nucleon 
scattering. In this process the electron, at the lowest order of the parton model, interacts with 
free charged partons via one photon exchange therefore modification in the obtained results with 
respect to the usual space can be expected. To this end we explore the differential cross section 
for the unpolarized e-N scattering as follows 



(20) 



where E, E', \/—Q^, L^^^ and W^^ are initial and final energy of electron, the momentum 
transfer, the electron and the nucleon scattering tensor, respectively. The 667 vertex in the 
LCNCQED is given in Eq.(17) therefore L'^'^ can be easily obtained as 

V = + SQ')'*K(f + H7M(f + ™)7.) 

The inelastic nucleon scattering tensor is proportional to the absolute square of the nucleonic 
current therefore we need the vertex function (F^) for the nucleonic current in the NC space. 
Since it is a Lorentz vector therefore the most general form of can be written as 

= A-f^ + SP; + CP^ + iDP'^a^,, + iEP'^'a^^ + FP^Of,, + GP'" V > (21) 

where A,B,...,G depend on the Lorentz invariant quantity. The gauge invariance and using the 
Gordon identity leads to 

uiP')T^iP', P)u{P) = tx(P')[^7M + iBiP' - Pfa^, + C(P - P're^,\u{p). (22) 

We can now construct W^jy as follows: 

= \Y.sp^n[u{P')T^u{P)nu{P')T,u{P)] 

= \tr{{A^^-iB{P-P')^cj^x + C{P-P')H^x{r+M)) (23) 
(^7, + iB{P - P')Pa,p + C{P - P'ye,p{f+ M))}. 

Since the weight function is an even function of 6^^ the odd functions of 0*^" have not any 
contribution on the cross section thus Eq.(23) can be cast into 

W^, = + AP.P'^^C{q^g^, - q^q,), (24) 

where q^ = {P — P')^, q^ = —Q^ and W^^ is the commutative counterpart of the scattering 
tensor and is given as 

= (-5.. + + iP, - %^){P. - (25) 

q q q lUj^ 

Wi and W2 are the structure functions and depend on the Lorentz invariant quantity such as 
Q^, 1/ = P.Q and (6^). One can see that the second term in Eq.(24) can be absorbed in Wi and 
W/j,!, can be generally written as 

W,j.v - [-9IJ.U + —^)Wi[Q ,z/, {d )) + [Pp. - qp—^){P^ - qu—2) T72 ' (2b) 

q q q -'"jv 

where ^ 

Wi{Q^,iy,{9^)) = Wi+ACPP'^-^Q^ , W2iQ\u, {G^)) = W2. (27) 

In the high energy limit the mass of the electron can be neglected and the differential cross 
section for the inclusive e-N scattering, in terms of Bjorken variable x = ^ and the inelasticity 
parameter y = can be cast into 



^yU = ^(1 + UQ'?[-y'FfiQ'^-^ 



(28) 



where Mjv is the nucleon mass, Ff^ = MpfWf^ , = jj^W^I^ and s is the mandelstam 
variable. In the parton model at the lowest order, one consider the elastic scattering of the 
electron off a free point charged parton with mass Mj, momentum Pi and charge qiC. Therefore 
the cross section for this scattering can be easily constructed from the results for the electron- 
muon scattering (sec Eq.(18)) as 

dQ^ = ^dQ^)«^^(^ + -96"^' ^^^^ 
where ti is the Mandelstam variable for the parton i. If we neglect the electron and the partons 
masses in the Briet frame of reference 

= (0,0, 0,7^) = (0,0, 0,70^) 

= (P,0,0,-P) , P>Miv , p2^p2_p2^0«M2^, (30) 



and after a little algebra the cross section in terms of x and y variables becomes 

^ _ fTToV^ £^ + ^ _ 

dxdy- g2 i >^^^' ""^^^^ 96 ^' 

where is a fraction of the nucleon's total momentum carried by the zth parton (i.e. P-^ = ^iP^) 
and the Mandelstam variables for iih parton in terms of the Mandelstam variables for the whole 
nucleon are 

Si = {p + Pif = ^iS, 

U = {Pi-Plf=t = -Q\ (32) 

Ui = {p' - Pif = ^iU. 

Various types of partons carry a different fraction of the parent nucleon's momentum therefore 
for the parton momentum distribution function /i(^i) with the appropriate normalization: 



CdUm = l, (33) 

JO 



one has 

Now comparing Eq.(34) with Eq.(28), where = 0, reads 

2xy^Ff^{Q^x, {e^)) + 2(1 - y)Fi^{Q\ x, (9^)) = 

(y2 + 2(l-y))E,/,(x)g^(l+<^). 

Equation (35) shows that 

Fi^iQ^x, {9')) = Mx)qMl + (36) 
i 

in other words the parton model at the lowest order in LCNCQED violates the Bjorken scaling 
but Callan-Gross relation still holds: 



F|^(Q2, X, {9^}) = 2xFf{Q\x, {9^)). 



(37) 



One can use the data on the deep inelastic e-N scattering to obtain the upper bound on the 
value of the parameter of non-commutativity in the LCNCQED, Klcnc- Equation (36) shows 
that 



192 IQAic^c 



(38) 



where Alcnc = ((py)^- The measurements of F2 structure function in deep inelastic scattering 
can provide a test on the non-commutativity of space. For example F2 in positron-proton neutral 
current scattering has been measured with statistical and systematic uncertainties below 2% [13]. 
Therefore, as an estimation, one percent error in the experimental value of the structure function 
for = 200GeV results in Alcnc ^ 300GeF. 



Summary 

Wc completed the Fcynman rules for the Lorentz conserving non-commutative QED up to the 
order {0'^)- Besides two fcrmions and one and two photons vertices which has already introduced 
in [12] there is a two fcrmions and three photon vertex given in Eq.(16). The parameter of 
non-commutativity is a dimensional quantity therefore the dimcnsionless form factors in lepton- 
nuclcon scattering should depend on {9'^)Q^ and violate the Bjorkcn scaling. We explicitly 
obtained this violation in Eqs.(36) and (38) while the Callan-Gross relation still holds as is 
shown in Eq.(37). The obtained results provide an experimental tool to find if the nature can be 
described by LCNC-space or not, for Q ~ 1.1 Alcnc — Alcnc there is 10% — 100% correction 
which can be easily verified in comparison with the experimental data. 
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